Abstract. We prove a Lojasiewicz inequality for global semianalytic sets that implies the usual Hörmander's form. Some consequences are deduced on the finiteness property and separation for global semianalytic sets.
Introduction
A global semianalytic sets of a global analytic set M ⊂ Ω, Ω an open subset of R n , is a semianalytic subset of M admitting a description as
{x ∈ M |f i (x) = 0, g i1 (x) > 0, . . . , g ik i (x) > 0}, where all the functions involved are analytic functions on the open set Ω.
Of course a global semianalytic set is semianalytic in the usual local sense; the converse is not true in general, an example can be found in [CA96] .
In particular a global analytic set is the zero set of finitely many global analytic functions; they are often called C-analytic sets.
This class of sets may be considered as the class of definable sets with respect to the ring O(Ω), somewhat like the class of semialgebraic sets with respect to the ring of polynomials. The analogy stops here because many properties of semialgebraic sets are not known for global semianalytic sets, for instance it is not known wether the closure or the connected components of a global analytic set are still global, except in some particular cases (that is, sets of small dimension or compact sets). This is because the so called Artin-Lang property, that relates the definable sets of a ring of functions with the constructible sets of the real spectrum of the ring, does not hold for O(Ω), not even in dimension one ( [AB90] ). A weaker form of the Artin-Lang property was proved in the case dim Ω ≤ 2 or when the ambient space is compact (see [Cas94] , [CA96] , and [ABR96] for a complete survey on these results).
Also the finiteness property for global semianalytic sets was known only for compact sets or for sets of dimension less than 3. This property means that any open (resp closed) global semianalytic set can be written as a finite union of basic open (resp. closed) sets, that is sets of the form: {g 1 (x) > 0, . . . , g k (x) > 0} (resp.{g 1 (x) ≥ 0, . . . , g k (x) ≥ 0}).
In this note we prove some general results for global semianalytic sets, in particular we prove that the finiteness property holds for any open or closed global semianalytic set without any compactness or dimensional assumption (see Section 3).
To do this, we prove a global inequality, weaker than the classical Lojasiewicz one, that holds for the whole ring O(Ω).
Global Lojasiewicz inequalities in the analytic context were known only for special subrings, namely for certain weakly Noetherian subrings of the ring O(Ω) of analytic functions on an open set Ω that were introduced by Tougeron (cfr. [Tou91a] , [Tou91b] ), and for a class of analytic definable functions in a suitable o-minimal structure (due to Ta Le Loi, see [Loi95] ).
Our result is the following (taking Ω = R n ):
Theorem Let M ⊂ R n be a global real analytic set and A be a global semianalytic
Then, there exists g ∈ O(M ) with g −1 (0) = h −1 (0) and |g| ≤ |f | on A.
The classic finiteness property for semialgebraic sets is easily proved as a consequence of the so called Hörmander -Lojasiewicz inequality (cfr. [BCR87] ), which in turn is a consequence of Lojasiewicz inequality.
Our weaker inequality implies this form for global semianalytic sets.
Proposition Let A be a closed global semianalytic set in M and f, g ∈ O(M ). Then, there exist p, q ∈ O(M ), p > 0, q ≥ 0 such that 1. pf + qg has the same sign as f on A;
This inequality for 2-dimensional global semianalytic sets was proved by A. Díaz-Cano in a completely different way (cfr. [DCA01] ).
Being globally defined in the same way as semialgebraic sets, by an easy application of Motskin results ( [Mo70] , one can prove that any global semianalytic set can be obtained as a linear projection of a global analytic set in R n+1 . The finiteness property makes the proof easier. The projection is always finite and also proper in the case of a closed set.
We derive also some other consequences about separation and basicness for global semianalytic sets, in particular the fact that the obstructions to separate two open global semianalytic sets by an analytic function lie in a neighbourhood of the Zariski closure of the boundaries of the two sets. In the semialgebraic setting this was proved using the theory of the real spectrum: the lack of the Artin-Lang property in the general case prevents us from using these methods and forces us to add some hypotheses.
We stress the fact that our results seem to be the first ones without compactness assumption and in general dimension.
The Hörmander-Lojasiewicz inequality
We begin by an elementary lemma.
Lemma 2.1. Let p : M → N be a surjective proper map between affine analytic sets
Let X ⊂ M be a saturated set, i.e. p −1 (p(X)) = X, and U ⊃ X be a neighbourhood of X. Then p(U ) is a neighbourhood of p(X).
Proof : Assume U to be open and let C be the complement of U . Then, p(C) is closed, since p is proper. Hence its complement is an open set V . Since X is saturated one has p(X) ⊂ V ⊂ p(U ).
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Next lemma is a key step in the proof.
Lemma 2.2. Let M ⊂ R n be a global real analytic set and A be a global semianalytic set in
Denote by X the zero set of h.
Then, there are a global analytic proper subset X 1 ⊂ X, an open neighbourhood U 1 of X \ X 1 and a positive integer m such that
Proof : Let us assume first that M is a manifold and suppose A to be closed: the same proof applies in the general case. A being global, it is described by a finite set of global analytic functions, say f 1 , . . . , f k ∈ O(M ).
Apply Hironaka's desingularization theorem (cfr. [Hir77] , [BM97] ) to the function
We find: an analytic manifold N , dim N = dim M and a proper surjective map p : N → M such that, for any a ∈ N , there exist an open neighbourhood U a of a and a coordinate system x 1 , . . . , x n on U a centred at a such that:
This means that:
1. p −1 (A) ∩ U a is a union of closed quadrants each one lying in some coordinate h-plane, h ≤ n;
3. for any i such that the hyperplane {x i = 0} intersects p −1 (A) or lies in its boundary, one has
is the degree of f • p as a monomial in U a and it is well defined, in the sense that it does not depend on the choice of the local coordinate system at the point a. In fact the admissible changes of coordinates keeping F •p in monomial form are only permutations of the variables up to a scaling factor. Moreover, δ(b) ≤ δ(a) for b ∈ U a , hence δ is semicontinuous. Now an easy calculation shows that for each j < δ(a) and for each multiindex γ = (γ 1 , . . . , γ n ) with 
Up to shrink M we can assume that F is defined on all of M . We can perform the same blow-ups that reduce F in monomial form on the manifold M . So, we get a proper holomorphic map p : N → M such that N is the real part of N and p N = p.
We can define
where
It is a complex analytic subset of p −1 ( X). Moreover the family {Y δ } δ∈N is locally finite, since not all the derivatives of f • p can vanish simultaneously at a point. Now fix a ∈ p −1 (X) and put δ 0 = δ(a). Then, for δ ≥ δ 0 we have that p −1 ( X) \ Y δ is not empty, that is, Y δ is a proper analytic subset of p −1 ( X); hence, being p −1 (p(a)) a compact set, for δ suitably big we can assume Y δ ∩ p −1 (p(a)) = ∅. This means that the real part of the complex analytic set p(Y δ ), that is p(Y δ ) ∩ M , cuts on X a proper analytic subset, since it does not contain p(a) ∈ X.
Looking at the expression of f • p and h • p on U b , b ∈ p −1 (X) \ Y δ , since they are both monomials with the same variables, one cand find an integer m (that does not depend on b) such that
where V b is a perhaps smaller neighbourhood contained in U b .
The union
Note that we can assume, by taking δ sufficiently big, that X\ p(Y δ ) = ∅; in particular if X is compact we can find δ such that Y δ ∩ p −1 (X) = ∅, since p is a proper map.
Define
We have that X 1 is a proper analytic subset of X and p(V 1 ) is a neighbourhood of X \ X 1 . Indeed:
By construction, one has |h|
If M is not a manifold, but it is a global analytic set, then, M carries a smallest coherent structure, which is called well reduced structure (cfr. [ABT75] , [Gal76] ), and has global equations. Then, it is enough to add these equations as factors to the function F .
We get a proper surjective map p : N → R n such that p −1 (M ) is locally in U a the zero set of some coordinates and contains p −1 (A) ∩ U a as a union of quadrants. So the same proof applies.
and a positive integer m such that on U one has |h| m ≤ |f |.
Proof : The proof is essentially the same as in Lemma 2.2 taking A = R n , with some straigthforward changes.
Remark 2.4 Assume X to be irreducible: then, Lemma 2.2 can be viewed as a generic Lojasiewicz inequality in a neighbourhood of X \ X 1 . Also if X is compact we can take Y δ = ∅, hence X 1 = ∅.
Theorem 2.5. Let M ⊂ R n be a global real analytic set and A be a global semianalytic set in
Then, there exists g ∈ O(M ) with g −1 (0) = X and |g| < |f | on A \ X.
Proof : Assume A to be open and define A 0 = A, h 0 = h. By Lemma 2.2 we find h 1 , with h −1 1 (0) = X 1 ⊂ X, an integer m 1 and a neighbourhood U 1 of X \ X 1 such that |h
So, we can apply again Lemma 2.2 to these new data A 1 , h 1 , f . Arguing as before, we find inductively countably many functions
Since each inclusion X i−1 in X i is strict, the family {X i } is locally finite.
Hence, we can define the sheaf I generated at each a ∈ R n by the (finite) product of those h m j+1 j that vanish at a. This is possible since the family of their zero sets X j+1 is locally finite. By construction I is coherent and locally principal, since all but a finite number of h i is invertible at a.
By Proposition 15 of [Car57] there are a finite number of global section g 1 , . . . , g l ∈ Γ(M, I) such that supp O/I = {g 1 = 0, . . . , g l = 0}.
We can assume that |f | and |h j |, for j ≤ i − 1 are smaller than 1 on U i . Moreover, on U i , g is given by the product i−1 j=1 h n j j times a unit, where n j ≥ m j + 1. So, we can find, inductively, possibly smaller neighbourhoods
that is on a full neighbourhood of X in A; we use here the fact that δ(a) is well defined at any point a ∈ p −1 (X). We also have that g −1 (0) = supp O/I = X.
We have only to extend the previous inequality to all of A and this is done in the following lemma. 2 Lemma 2.6. Let f , A and X as before. Assume g is analytic and nonnegative on
U is a smaller neighbourhood of X. Define f i :
that is defined and continuous on U 2 . Let σ 1 , σ 2 be a smooth partition of the unity subordinated to the given covering and consider the function ϕ = σ 1 f 1 + σ 2 f 2 .
Note that ϕ ≥ 0 on M and ϕ does not vanish on A. In fact, it can vanish only outside the support of σ 1 and where f 2 vanishes, that is, outside A ∪ U . So we can extend ϕ U to a continuous strictly positive function Φ.
Now take an analytic function g 1 on M such that |g 1 − Φ| < 1 2 Φ. Then it is easy to
Remark 2.7
• We do not know whether the closure and the boundary of a global semianalytic set are still global: because of this we need the function h in the hypothesis of Theorem 2.5.
• If A = M then Theorem 2.5 becomes trivial: it is enough to take g = f 2 f 2 + 1 .
Corollary 2.8. Let A be a closed global semianalytic set in M , f , g global analytic functions.
Then there exist p, q ∈ O(M ), p > 0, q ≥ 0 such that 1. pf + qg has the same sign as f on A
Z(q)
where H is any global analytic function. We may take H = g and we get the thesis with p = 1 + g 2 and q = Q, since f + Q g g 2 + 1 has the same sign as f on A. 2 3 The finiteness property.
In this section we derive from Theorem 2.5 and Corollary 2.8 the so called finiteness property. Then, by applying a classical result of Motzkin ([Mo70]), we deduce that any closed global semianalytic set is a proper finite projection of a global analytic hypersurface in R n+1 .
The finiteness property was proved in [Cas94] for open and closed global semianalytic subsets of an analytic manifold M only when dim M < 3.
Our proof is similar to the one in the algebraic case (cfr. We need to substitute, for each j such that f j is not identically zero, the set
be an open global basic neighourhood V such that V ⊂ A.
To this aim, consider the following situation:
and A an open global semianalytic set such that Y ∩ U ⊂ A.
Take the global semianalytic set U \ A. Set g = g 1 · . . . · g k and consider the global function
In fact if x ∈ U \ A and f (x) = 0, then at least one g i verifies g i (x) = 0, because x / ∈ A.
So, we can apply Teorem 2.5 and find h ≥ 0 on M such that h ≤ |f | on U \ A and
Now consider the basic open global semianalytic set B defined by
We have: From this result we get:
Corollary 3.2. Let A be a closed global semianalytic set in a global analytic set M ⊂ R n . Then, there is a global analytic set N in R n+1 such that p(N ) = A, where p denotes the linear projection p(x, t) = x, and p is a finite proper map when restricted to N .
Proof : Assume first M = R n . By the finiteness property we may write A = A 1 ∪ · · · ∪ A q , where A i = {x ∈ R n : g i,1 (x) ≥ 0, . . . , g i,s i (x) ≥ 0} and all the g i,j are global analytic functions. Adding some trivial inequalitees when needed, we may assume that s i = s for each i.
Now it is enough to plug into Motzkin polynomial
, that is a polynomial with respect to t.
Take the product h(x, t) = h i (x, t) . . . h t (x, t). It defines an analytic hypersurface N in R n+1 that projects finite to one onto A. This is enough to get that p : N → R n is proper, because p(N ) = A is closed.
In the general case one has to add to h(x, t) the global equations for M . 2
Remark 3.3 When the global semianalytic set A is not closed, still we may apply Motzkin's result to get A as a finite projection of a global analytic set in R n=1 , but of course we cannot get a proper map.
Other consequences
We derive some results on the separation of global semianalytic sets. Let's recall some definitions.
Definition 4.1. Let A and B be global semianalytic subsets of a global analytic space X ⊂ R n and assume that both have nonempty interior; they are separable if there exists an analytic function f ∈ O(X) such that f (A) > 0 and f (B) < 0. They are generically separable if there is a global analytic set W ⊂ X of dimension strictly less than dim X such that A \ W and B \ W are separable.
To begin with, we want to prove that in fact obstructions to the separation of the sets A and B lie on their boundaries.
Theorem 4.2. Let A, B be closed global semianalytic sets in M with nonempty disjoint interiors, where M is a global analytic set in R n . Let X a global analytic set containing A ∩ B = ∂A ∩ ∂B, with dim X < dim M . Assume there is a semianalytic neighbourhood U of X in M and a function f ∈ O(M ) such that
Then, A \ X and B \ X are separable in M .
Proof : We can assume f ∈ O(R n ) and U to be an open set in R n ; also we can assume
By Theorem 2.5 we can find a positive equation
We can also assume that h < 1 on U , by shrinking it, if necessary. Take a smaller neighbourhood V of X with V ⊂ U . Since A \ V and B \ V are closed and disjoint there is g ∈ O(R n ) such that g(A \ V ) > 0 and g(B \ V ) < 0, moreover we can assume |g| ≥ 1 on (A ∪ B) \ V .
Taking a suitable partition of the unity we can find a smooth function ϕ on R n with the following properties:
Consider the function η(x) defined as ϕ(x) − f (x) h 2 (x) for x ∈ X and 0 for x ∈ X: it is well defined and smooth because ϕ(x) − f (x) is identically zero on V . Now, we want to find a suitable analytic approximation R of η in such a way that f + Rh 2 separates A \ X and B \ X.
To do this, take an exhaustive sequence of compact sets {K n } such that
Finally take a sequence of positive numbers ε m in such a way that 0 < ε m < inf( r m s m , 1).
Applying Whitney approximation theorem we find R ∈ O(R n ) such that
and this proves that (f + Rh 2 )(x) has the same sign as ϕ(x).
If x ∈ V \ X and x ∈ K m+1 \K m we have η(x) = 0 and |R(x)| < ε m < 1 so we have
since |h| < 1 on V . Hence f + Rh 2 has the same sign as f on V . 2 Remark 4.3 We need A and B to be closed in order to be able to move f a little bit. Note also that we need to consider X since we do not know whether the boundaries ∂A and ∂B are global, this has been proved only in dimension ≤ 3, (cfr.
[CA96]).
Remark 4.4 The separation problem for semialgebraic sets has been completely solved, mainly using the real spectrum and Artin-Lang property: this property does not hold for the ring of global analytic functions (cfr. [AB90] ) and the generic one, i.e. for the field of meromorphic functions, was proved only in dimension ≤ 2 (cfr. [Cas94] ). This is because there are orderings in Spec r O(X) whose associated ultrafilter of global semianalytic sets does not converge to a point, the so called unbounded orderings. Nevertheless, at least in dimension 2, these orderings are irrelevant with respect to the separation problem, see [BP] .
Another case is when the boundaries of the two sets are contained in a compact global analytic set X, that is they are boundary bounded sets. So assume dim M = n and that the statement holds for any X with dimension less than n. Then, l separates A and B outside W . Indeed, if x ∈ A \ W then, g(x) > 0 and either h(x) ≥ 0 or x ∈ S, hence l(x) > 0; the same argument works for x ∈ B \ W .
Assume now x ∈ W , hence l(x) = q(x)h(x); h has on x the right sign and q(x) ≥ 0. We can repeat the same argument applied to l and h and after a finite number of steps we end the proof.
Before giving the statement that we would like to prove next, we have to do some remarks.
If W is any irreducible global analytic subspace W ⊂ M such that A ∩ W and B ∩ W are not generically separated (for instance W could be a common component of the Zariski boundary of A and B) then, of course, any analytic function f such f (A) ≥ 0 and f (B) ≤ 0 must vanish on W . So, denote by Z the union of all these spaces: we shall call Z the nullspace of A and B.
One can prove ( [BP] ) that in dimension 2 the Nullspace is exactely the set A ∩ B Z , but in general it could be bigger.
Even if A and B are global we do not know at present if the nullspace Z is a global analytic space. Nevertheless we can formulate the following statement. Proof : One direction is clear. As for the other one, assume A and B to be generically separable, i.e. there is a global analytic set W such that A \ W and B \ W are separable. We can assume that no irreducible component of W lies in Z. So, by the induction hypothesis, for any irreducible component W i of W one has that A ∩ W i and B ∩ W i are generically separable.
This implies by Lemma 4.5 that A ∩ W and B ∩ W are generically separated by a global function h. We claim that h must truly separate A ∩ W and B ∩ W . In fact if A and B were not separated on the zero set of h, this global set would lie in Z and this is impossible since A ∩ Z and B ∩ Z are empty.
At this point we can repeat the proof of Proposition 4.6 2
We have also a criterium for basicness, slightly weaker than Bröcker's one.
Proposition 4.8. Let A be a global open semianalytic set in a global analytic set M ⊂ R n . Assume that A does not meet the Zariski closure of its boundary. Then,
